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Introduction 2

@ The central aim of the presentation is to chart which logical relations
hold between quantificational formulas expressing the notion of
proportionality.

@ Two families of logical relations:
o Aristotelian relations of contradiction, (sub)contrariety and
subalternation
o Duality relations of external, internal and dual negation

@ Two types of expressions:

o explicit proportionals: the proportion is explicitly referred to in terms of
fractions or percentages:

> At least two thirds of the students passed the test.
> Less than 20 percent of the students passed the test.

o implicit proportionals: the actual proportion remains implicit:
> A/the minority/majority of the students passed the test.
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Structure of the talk

@ Introduction

@ Aristotelian and Duality Relations

© Classical versus degenerate Aristotelian and Duality Squares
@ Aristotelian and Duality Squares for Proportional Quantifiers
© Conclusion

This talk is based on joint work with Lorenz Demey.
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Structure of the talk 4

@ Aristotelian and Duality Relations
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Aristotelian relations 5

Two propositions are:

contradictory (CD) iff they cannot be true together and
they cannot be false together,
contrary (C) iff they cannot be true together but
they can be false together,
subcontrary (SC) iff they can be true together but
they cannot be false together,
in subalternation (SA) iff the first proposition entails the second but
the second doesn’t entail the first

The set of Aristotelian relations is fundamentally hybrid-:

e CD, C and SC are symmetric; definition ~ being true/false together
SA is not symmetric; definition ~ truth propagation.

@ CD is a functional relation, but C, SC and SA are not.
@ Smessaert & Demey (2014)
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Aristotelian squares 6

Any fragment of 4 formulas from a logical language £ for a logical system S
which is closed under negation (i.e. which consists of two pairs of
contradictories) yields an Aristotelian square which is

classical = (2 x CD) 4+ (2 x SA) + (1 x C) + (1 x SC)
degenerate = (2 x CD)
C
p —> Y @ /4
cD cD
SA4 SA
~y > ¢ ~y ~¢
classical Aristotelian square degenerate Aristotelian square
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Duality relations 7

The n-ary connectives/operators O; and O2 are one another’s:

external negation (EN) iff for all v1,..., 0,

O2(#1,-- -5 n) = 701(01,- -, ¢n)
internal negation (IN) iff for all 1,..., ¢,

O2(#1,-- -5 n) = O1(m1, .., —pn)
dual negation (DN) iff for all ¢1,..., ¢,

Oa(p1,- -+, pn) = 201(p1, ..., )
Transpose definitions of EN/IN/DN from operators to formulas: if operators
O1 and Oj are each other’'s EN/IN/DN, then formulas O1(¢;1 ... ¢,) and
O2(p1 ... pp) are said to be each other’s EN/IN/DN as well.
The set of duality relations is fundamentally uniform:
@ EN, IN and DN are all symmetric relations.

@ EN, IN and DN are all functional relations.
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Duality squares 8

Any fragment of 4 formulas from a logical language £ for a logical system S
which is closed under negation (i.e. which consists of two pairs of
contradictories) yields a duality square which is

classical = (2 x EN) + (2 x IN) + (2 x DN)
degenerate = (2 x EN)
IN
p > Y @ /s
EN, EN
4 ; IN ) Y -y %
classical duality square degenerate duality square
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Conceptual independence of Aristotelian and Duality relations 9

o Ldbner (1990,2011), Peters & Westerstahl (2006), Westerstahl (2012),
Demey (2012), Smessaert (2012).

All duality relations are symmetric but not all Aristotelian relations are.
All duality relations are functional but not all Aristotelian relations are.
The duality relation IN corresponds to Aristotelian C and/or SC.

Aristotelian relations are highly logic-sensitive, whereas duality relations
are insensitive to underlying logic: Demey (2015), Demey & Smessaert
(2016).

C IN
9 —> Y p —> Y
CD EN
84 84
= — - - > -
v SC @ v I~ P
classical Aristotelian square classical duality square
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Duality relations: group theoretic analysis of duality square 10

The functions ID, ENEG, INEG and DUAL jointly form a group that is
isomorphic to the Klein four group V4. Its Cayley table looks as follows:

o ‘ ID ENEG INEG DUAL

ID ID ENEG INEG DUAL
ENEG | ENEG ID DUAL INEG
INEG INEG DUAL ID ENEG
DUAL | DUAL INEG ENEG ID
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Duality relations: group theoretic analysis of duality square 10

The functions ID, ENEG, INEG and DUAL jointly form a group that is
isomorphic to the Klein four group V4. Its Cayley table looks as follows:

o ‘ ID ENEG INEG DUAL

ID ID ENEG INEG DUAL
ENEG | ENEG ID DUAL INEG
INEG INEG DUAL ID ENEG

DUAL | DUAL INEG ENEG ID

V4 is isomorphic to the direct product of Zy with itself, i.e. V4 = Zo X Zs.
The Cayley table for Zs x Zs looks as follows:

o |(0,0) (1,00 (0,1) (1,1)
(0,0) | (0,0) (1,0) (0,1) (1,1)
(1,0) | (1,0) (0,0) (1,1) (0,1)
(0,1) | (0,1) (1,1) (0,0) (1,0)
(1,1) | (1,1) (0,1) (1,0) (0,0)
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Duality relations: from duality square to duality cube 11

generalisation to multiple/combined operators
@ from 2 negation positions to 3 negation positions
o ENEG OPERATOR1 MNEG OPERATOR2 INEG
o from Zg X Zs to Zo X Zo X Zs

Vx—IP(x) NEG Vx—O—-P(x)
E
§g> N S
E §' B
G N
VxIP(x) NEG VxO—P(x) | g
G
E
N
INEG
E | -vx—0P(x) —Vx—O—P(x)
G E
(&3 N (&
& E A
G
VaIP(x) INEG /TP
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Duality relations: from duality square to duality cube 12

Generalized Post-duality

@ from 2 negation positions to 3 negation positions
o ENEG OPERATOR INEG1 INEG2
o from Zg X Zs to Zo X Zo X Zs

@Ng)

QmZ

N

—~pA
Cphg) - INEG,
N
O (3
& |E
s & S
INEG, @A ~q)
INEG,
~(prNq)
E
o N
& E L
$ PSS
INEG,
~(p\ ~q)

CpA—q)

QmZm

~(p\~q)

propositional connectives

all(4,B) all(4,~B)

e

~ -
—~

all(~4,~B) all(~A,B)

some(za ,B) sor-r.;;(A,—'B)

Keynes-Johnson octagon
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Structure of the talk 13

© Classical versus degenerate Aristotelian and Duality Squares
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Type 1 square: classical Aristotelian + classical Dual 14

C IN

VXPX f—— VX PX WxPx (—Jbb’x—'Px
CcD EN
SA SA
o - — o
FXPx <—>S 7 dx—Px dxPx IN Jx—Px
classical Aristotelian square classical duality square
C

vxPx % < » > Ux—Px

IN
IXPx (JTE——»  xPx

SC
quantifiers of standard First Order Logic
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Type 2 square: classical Aristotelian + degenerate Dual

15

more than n C lessthann  more thann
As are Bs g3 As are Bs As are Bs
CD EN
SA4 SA
at least n «¢—————» atmostn at leastn
SC As are Bs As are Bs

As are Bs

classical Aristotelian square

more than n c less than n
As are Bs »  As are Bs
SA CD EN SA
at least n «« - » at mostn
As are Bs SC As are Bs

The numerical quantifiers

less than n
As are Bs

at most n
As are Bs

degenerate duality square
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Type 3 square: degenerate Aristotelian + classical Dual 16

IN
vx(Px - Qx) Wx(Px -+ —Qx) vx(Px - Qx) €«—— ¥x(Px - —Qx)
X X
Ix(Px /A Qx) Ix(Px A —Qx) Ix(Px N\ Qx) €7 Ix(Px A ~Qx)
degenerate Aristotelian square classical duality square
VX(Px - Qx) €————» vx(Px -~ ~Qx)
IN
CcD EN
Fx(Px A\ Qx) €——2——5 Ix(Px A ~Qx)

categorical statements in
standard First Order Logic (no EI)
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Type 4 square: degenerate Aristotelian + degenerate Dual 17

p - p -
1100 1001 1100 1001
CD EJV
0110 0011 0110 0011
PYq P P¥q P
degenerate Aristotelian square degenerate duality square
p -
1100 1001
CcD EN
0110 0011
p¥Yq P

Propositional connectives
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Type 4x square: degenerate Aristotelian + degenerate Dual

18

p p-q p p-q
1100 1001 1100 1001
cD EN

IN
0110 0011 0110 0011
p¥q P pVq -p

collapsed duality square
(self dual negation)

p r)
P-q
1100 1001

degenerate Aristotelian square

EN IN
IN 0110 0011
pYq P

Propositional connectives

: D
1100 11]00;1
% N

N 0110 0011
p¥g L
collapsed duality square

(self internal negation)
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Structure of the talk 19

@ Aristotelian and Duality Squares for Proportional Quantifiers
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Scales and Bitstrings for Numerical and Standard Quantifiers 20

e ®
1/0 1/0 1/0
100 all 011 | not all
010 | some but not all || 101 | no or all
001 no 110 some
5
1/0 1/0 1/0

100 | more than 5 || 011 at most 5
010 exactly b 101 | not exactly 5
001 | lessthan5 || 110 at least 5
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Scales and Bitstrings for Explicit Proportional Quantifiers 21

1/0 1/0 1/0 1/0 1/0

10000 more than 3/4 01111 at most 3/4
01000 exactly 3/4 10111 not exactly 3/4
00100 | less t. 3/4 but more t. 1/4 || 11011 | at least 3/4 or at most 1/4
00010 exactly 1/4 11101 not exactly 1/4
00001 less than 1/4 11110 at least 1/4

11000 | more than 3/4 or exactly 3/4 = at least 3/4

00011 | less than 1/4 or exactly 1/4 = at most 1/4

01110 | at most 3/4 but at least 1/4 between 1/4 and 3/4
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Type 1 square: classical Aristotelian + classical Dual 22

more than % c less than Y4 more than % IN less than '
10000 <————3% 00001 10000 €—————> 00001
= T
11110 «———» 01111 11110 <——— 01111
at least % SC at most % at least ¥4 Iy at most %
classical Aristotelian square classical duality square

10000 More than 3/4 of the students passed the test.

= Less than 1/4 of the students failed the test.
00001 Less than 1/4 of the students passed the test.

= More than 3/4 of the students failed the test.
11110 At least 1/4 of the students passed the test.

= At most 3/4 of the students failed the test.
01111 At most 3/4 of the students passed the test.

= At least 1/4 of the students failed the test.
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Type 1 square: classical Aristotelian + classical Dual 23

exactly % c exactly ¥ exactly % IN exactly Y%
01000 -€——» 00010 01000 ~€«—————>» 00010
=2 T

11101 «————> 10111 11101 <——— 10111
more or less than 4 S moreorlessthan%  moreorlessthan % 'V more ot less than %
classical Aristotelian square classical duality square

01000 Exactly 3/4 of the students passed the test.

= Exactly 1/4 of the students failed the test.
00010 Exactly 1/4 of the students passed the test.

= Exactly 3/4 of the students failed the test.
11101 More or less than 1/4 of the students passed the test.

= More or less than 3/4 of the students failed the test.
10111 More or less than 3/4 of the students passed the test.

= More or less than 1/4 of the students failed the test.
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Type 2 square: classical Aristotelian + degenerate Dual 24

more than % c less than % more than % less than %
10000 w——————> 00111 10000 00111
CD EN,
84 84
11000 w——— 01111 11000 01111
at least % : at most % at least % at most %
classical Avistotelian square degenerate duality square

10000 More than 3/4 of the students passed the test.
00111 Less than 3/4 of the students passed the test.
11000 At least 3/4 of the students passed the test.
01111 At most 3/4 of the students passed the test.

KU LEUVEN

Aristotelian & Duality Relations with Proportional Qs — H. Smessaert



Type 2x square: classical Aristotelian 4+ degenerate Dual 25

single collapse with self-internal negation

less than % but less than % @

more than ¥ c more than ¥ more than % more than ¥
10000 €———3 00100 10000 00100 IN
54 54 s
11011 «—% 01111 IN 11011 01111
at least % or sC at most % at least % or at most %
at most ¥4 Qat most ¥
classical Avistotelian square degenerate duality square
10000 More than 3/4 of the students passed the test.
00100 Less than 3/4 but more than 1/4 of t.s. passed the test.
= Less than 3/4 but more than 1/4 of t.s. failed the test.
11011 At least 3/4 or at most 1/4 of the students passed the test.

At least 3/4 or at most 1/4 of the students failed the test.
01111 At most 3/4 of the students passed the test.
Aristotelian & Duality Relations with Proportional Qs — H. Smessaert
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Type 2y square: classical Aristotelian 4+ degenerate Dual 26

double collapse with self-internal negation

more than % or less than % but @re than % or less than % @
more than ¥

less than % more than ¥ less than % 8
10001 <« 5 00100 IN 10001 00100 IN

84 2 S4 £
—
11011 «————» 01110 IN 11011 01110 IN
at least % or SC at most % but at least % or at most % but
at most % at least Y% C/at most ¥ at least % \)

classical Aristotelian square degenerate duality square

10001 More than 3/4 or less than 1/4 of t.s. passed the test.
More than 3/4 or less than 1/4 of t.s. failed the test.
00100 Less than 3/4 but more than 1/4 of t.s. passed the test.
Less than 3/4 but more than 1/4 of t.s. failed the test.
11011 At least 3/4 or at most 1/4 passed.

= At least 3/4 or at most 1/4 failed.
01110 At most 3/4 but at least 1/4 of t.s. passed.
At most 3/4 but at least 1/4 of t.s. failed.

Aristotelian & Duality Relations with Proportional Qs — H. Smessaert

KU LEUVEN



Type 3 square: degenerate Aristotelian + classical Dual 27

at least % or exactly % or at least % or exactly % or
exactly % at most %4 exactly ¥4 IN at most ¥
11010 01011 11010 B 01011

:>C< ><
10100 00101 10100 <—=— 00101
more than % or less than % or more than % or . less than % or

more than % but (more than % but ~ (more than ¥ but (more than ¥ but
less than %) less than %) less than %) less than %)

degenerate Aristotelian square classical dudlity square

11010 At least 3/4 or exactly 1/4 of t.s. passed the test.
= At most 1/4 or exactly 3/4 of t.s. failed the test.
01011 At most 1/4 or exactly 3/4 of t.s. passed the test.
At least 3/4 or exactly 1/4 of t.s. failed the test.
10100 More than 3/4 or more than 1/4 but less than 3/4 passed.
Less than 1/4 or more than 1/4 but less than 3/4 failed.
00101 Less than 1/4 or more than 1/4 but less than 3/4 passed.
More than 3/4 or more than 1/4 but less than 3/4 failed.
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Type 4 square: degenerate Aristotelian + degenerate Dual 28

more than % more than %

at least ¥ or at most at least %4 or at most %
11000 10011 11000 10011

>< >J<t
01100 00111 01100 00111
more than ¥ but less than % more than % but less than %
at most % at most %
degenerate Aristotelian square degenerate duality square

11000 At least 3/4 of the students passed the test.

10011 More than 3/4 or at most 1/4 of the students passed the test.
01100 At most 3/4 but more than 1/4 of the students passed the test.
00111 Less than 3/4 of the students passed the test.
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Implicit Proportional Quantifiers 29

Aristotelian & Duality Relations with Proportional Qs — H. Smessaert

A/the majority of the students passed the test.

A/the minority of the students passed the test.

Less than a/the majority of the students passed the test.

More than a/the minority of the students passed the test.

At least a/the majority passed the test. => 7probably all students
At most a/the minority passed the test. => 7probably no students

*Exactly a/the majority of the students passed the test.
*Exactly a/the minority of the students passed the test.

??More than a/the majority passed the test. => 77all students
?7Less than a/the minority passed the test. => 77no students
’At most a/the majority passed the test. => 77not all students
?At least a/the minority passed the test. => 77some students
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Scales and Bitstrings for Implicit Proportional Quantifiers 30

majority minority
1/0 1/0 1/0
100 a majority 011 | not a majority / less than a majority
010 not a majority 101 a majority or a minority
but not a minority
001 a minority 110 | not a minority / more than a minority
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Type 1 square: classical Aristotelian + classical Dual 31

majority c minority majority IN minority
100 «——> 001 100 <———> 001
i b =
110 ———» 011 110 <*——F—> 011
more than minority 3¢ less than majority more than minority LA less than majority
classical Aristotelian square classical duality square
100 A majority of the students passed the test.
= A minority of the students failed the test.
001 A minority of the students passed the test.
= A majority of the students failed the test.
110 More than a minority of the students passed the test.
= Less than a majority of the students failed the test.
011 Less than a majority of the students passed the test.

More than a minority of the students failed the test.
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Structure of the talk 32

© Conclusion
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Conclusion 33

o Chart the logical relations between quantificational formulas expressing
the notion of proportionality.

@ Two families of logical squares:
o Aristotelian squares: two subtypes: classical vs degenerate
o Duality squares: more subtypes

> two basic subtypes: classical vs degenerate
> collapsed duality squares with self-internal and self-dual negation
> singly collapsed versus doubly collapsed duality squares

@ Two types of expressions:
o explicit proportionals:
> More than/exactly/less than 3/4 of the students passed the test.
> bitstrings of length five
o implicit proportionals:
» A/the minority/majority of the students passed the test.
> bitstrings of length three
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The End 34

Thank you!

More info: www.logicalgeometry.org
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