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Abstract. The aim of this paper is to study the relationship between
two important families of diagrams that are used in logic, viz. Aris-
totelian diagrams (such as the well-known ‘square of oppositions’) and
Hasse diagrams. We discuss some obvious similarities and dissimilarities
between both types of diagrams, and argue that they are in line with gen-
eral cognitive principles of diagram design. Next, we show that a much
deeper connection can be established for Aristotelian/Hasse diagrams
that are closed under the Boolean operators. We consider the Boolean
algebra B,, with 2" elements, whose Hasse diagram can be drawn as an
n-dimensional hypercube. Both the Aristotelian and the Hasse diagram
for B, can be seen as (n — 1)-dimensional vertex-first projections of this
hypercube; whether the diagram is Aristotelian or Hasse depends on the
projection axis. We show how this account provides a unified explanation
of the (dis)similarities between both types of diagrams, and illustrate it
with some well-known Aristotelian/Hasse diagrams for Bz and Ba.
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1 Introduction

Logicians make use of several kinds of diagrams for a variety of purposes, such
as obtaining new results and communicating their findings more effectively.
Roughly, the diagrams used in logic can be divided into two broad classes. On
the one hand, there are diagrams that visualize formulas from some given log-
ical system; typical examples include Euler diagrams, Venn diagrams, spider
diagrams, Peirce’s existential graphs, etc. [1-5]. In these cases, one diagram vi-
sualizes a single formula, and visual operations on the diagram correspond to
logical operations on that formula. Diagrammatic reasoning thus consists in a
sequence of operations that gradually transforms an initial diagram into another
diagram. On the other hand, logicians also use diagrams to visualize certain
relations between formulas from some given logical system. Typical examples
include Aristotelian diagrams, Hasse diagrams and duality diagrams [6-13]. In
these cases, one diagram contains several formulas, and diagrammatic reasoning



consists in ‘traversing’ the diagram by making use of the relations between the
formulas.! Since the focus is on the relations between the formulas, the formu-
las themselves are usually simply visualized as symbolic labels attached to the
vertices in the diagram.?

The aim of this paper is to study the relationship between two main types of
diagrams of the second class, viz. Aristotelian and Hasse diagrams. On the one
hand, there are some obvious similarities between these two types; for example,
the relation of logical implication (also called subalternation or entailment) is
visualized in Aristotelian as well as Hasse diagrams. On the other hand, there
are also some equally obvious dissimilarities; for example, in Hasse diagrams,
the implications all go in the same general direction (viz. upwards), but in Aris-
totelian diagrams, they tend to go in a wide variety of directions. Because of this
equivocal evidence, the overall picture of the relationship between Aristotelian
and Hasse diagrams has remained unclear up till now.

However, in this paper, we show that there exists a deep connection between
these two types of diagrams. On a wvisual-cognitive level, we argue that their
dissimilarities can perfectly be explained in terms of general principles of diagram
design and information visualization. Next, on a more abstract geometrical level,
we show that if we restrict ourselves to Boolean closed diagrams, Aristotelian and
Hasse diagrams can be seen as different vertex-first projections of one and the
same hypercube (whether the resulting diagram is Aristotelian or Hasse depends
on the projection axis). This account naturally yields a unified explanation of
the obvious similarities and dissimilarities mentioned above. Finally, these results
are illustrated by means of some well-known Aristotelian and Hasse diagrams,
such as the hexagon and the rhombic dodecahedron (RDH).

The paper is organized as follows. Section 2 formally introduces Aristotelian
and Hasse diagrams, and briefly discusses their importance and usage in logic.
Next, Section 3 examines some obvious similarities and dissimilarities between
both kinds of diagrams, and relates them to general principles of diagram design.
Section 4 contains the more technical results of this paper: it shows how Aris-
totelian and Hasse diagrams can be seen as vertex-first projections of hypercubes,
and discusses how this leads to a unified explanation of the (dis)similarities be-
tween both types of diagrams. The next two sections illustrate these results by
applying them to some well-known Aristotelian and Hasse diagrams, viz. the
hexagon (Section 5) and the RDH (Section 6). Finally, Section 7 wraps things
up, and mentions some questions that are left for further research.

! For example, most readers will be familiar with the reasoning task in which one is

presented with a square of oppositions and the truth value of (the formula in) one
of the square’s corners, and is then asked to determine the truth values of the other
corners by making use of the Aristotelian relations [14, Exercise 4.5.1].
However, there also exist Aristotelian/Hasse diagrams in which the formulas them-
selves are visualized as diagrams as well. For example, Bernhard [15] discusses a
multi-layered square of opposition in which the four formulas are visualized as small
Euler/Venn diagrams that are embedded inside a large Aristotelian diagram.
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Fig. 1. Aristotelian (a) square, (b) hexagon and (c) octagon for the modal logic S5

2 Aristotelian and Hasse Diagrams

An Aristotelian diagram visualizes a set of logical formulas and the Aristotelian
relations between them. These relations are defined as follows (relative to some
given logical system S, which is supposed to have the usual Boolean connectives):
the formulas ¢ and v are said to be

contradictory ifft SE-(pAY) and S = —(—p A1),
contrary ifft SE-(pAY) and S —(—p A1),
subcontrary iff SE-(pAY) and S| —(—p A ),

in subalternation iff SkEep—¢¥ and SEY — @

Furthermore, almost all Aristotelian diagrams that have appeared in the liter-
ature impose the following additional constraints on the formulas that are vi-
sualized: these formulas are (i) contingent and (ii) pairwise non-equivalent, and
(iii) they come in contradictory pairs (i.e. for a given formula ¢, the diagram
contains both ¢ and —¢). Finally, almost all Aristotelian diagrams are centrally
symmetric, with all contradictory pairs ordered around the center of symmetry
(so that ¢ is diametrically opposed to —p).

The most widely known Aristotelian diagram is of course the so-called ‘square
of oppositions’. This diagram has a rich tradition [16, Chapter 5], but it is
also widely used by contemporary logicians to visualize interesting fragments of
systems such as modal logic [17], (dynamic) epistemic logic [8,18] and deontic
logic [19,20]. There is also a vast literature on Aristotelian diagrams other than
the traditional square. The most widely known among these is probably the
hexagon proposed by Jacoby, Sesmat and Blanché [21-23], but several other
hexagons, octagons, etc. have been studied in detail [10, 16, 24]. Figure 1 shows
an Aristotelian square, hexagon and octagon for the modal logic S5.3

We now turn to the second type of diagrams, viz. Hasse diagrams. In general,
these are used to visualize partially ordered sets (posets). A poset consists of a set

3 There is no universally accepted way of visualizing the Aristotelian relations. We here
follow the convention introduced in [12], and visualize the relations of contradiction,
contrariety, subcontrariety and subalternation by means of a full line (—), a dashed
line (- - -), a dotted line (---) and an arrow (—), respectively.
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Fig. 2. Hasse diagrams for (a) the divisors of 12, (b) the Boolean algebra ({1, 2, 3}),
and (c) a Boolean algebra of formulas from the modal logic S5

P and a partial ordering <, i.e. a binary relation on P that is reflexive, transitive,
and antisymmetric. If z < y and not y < z, we say that z < y. If x < y and
there is no z € P such that z < z < y, we say that x <y. A Hasse diagram
visualizes the poset (P, <) in such a way that if z <y, the point representing z is
connected by a line segment to the point representing y (furthermore, y should
be ‘above’ z, so that the line segment from x to y runs upwards) [6].

Hasse diagrams have a wide variety of applications. Typical examples from
mathematics include divisibility posets (in which x < y iff  divides y) and sub-
group lattices [6]; more practical applications come from formal concept analysis
[25]. In this paper, however, we will focus on their applications in logic, and thus
assume that the underlying poset (with < being logical entailment) is a Boolean
algebra, i.e. has top and bottom elements, and meet, join and complementation
operations. It is well-known that a Boolean algebra can always be visualized by
means of a Hasse diagram that is centrally symmetric (with all complementary
pairs of elements ordered around the center of symmetry) [6]. Furthermore, a
finite Boolean algebra can be partitioned into ‘levels’ Lg, L1, Lo, . .., which are re-
cursively defined as follows: Lo = { L}, and Lyy; = {z | Jy € Li: y<x}. Figure 2
shows Hasse diagrams for the divisors of 12, the Boolean algebra p({1,2,3}), and
a Boolean algebra of formulas from the modal logic S5.

To fully appreciate the results that will be presented in Section 4, it should be
realized that although most Aristotelian and Hasse diagrams are two-dimensional,
this restriction is certainly not essential. In recent years, several three-dimensional
Aristotelian diagrams have been studied, such as octahedrons, cubes, RDHs,
etc. [8,9,26-28]. Similarly, there have also been studies on three-dimensional
Hasse diagrams, such as (hyper)cubes and RDHs [13,29-31].# Figure 3 shows

4 Recalling the typology of logic diagrams presented in Section 1, it should be noted
that the trend towards three-dimensional diagrams includes not only Aristotelian
and Hasse diagrams, but also other diagrams that visualize relations between for-
mulas (e.g. duality diagrams [7]), and even diagrams that visualize single formulas
(e.g. Euler and Venn diagrams [32]).



Fig. 3. (a) Aristotelian and (b) Hasse rhombic dodecahedron for CPL

an Aristotelian and a Hasse RDH for the binary, truth-functional connectives of
classical propositional logic (CPL); each connective is identified with its truth
table (for example, conjunction is written as 1000, disjunction as 1110, etc.).

3 Similarities, Dissimilarities, and Diagram Design

We now discuss some obvious similarities and dissimilarities between Aristotelian
and Hasse diagrams, and explain how they relate to general cognitive principles
of diagram design and information visualization.

Let’s start with the similarities between Aristotelian and Hasse diagrams.
First of all, it should be noted that both types of diagrams represent the formulas
up to logical equivalence, i.e. if ¢ and v are logically equivalent, then they cannot
appear as distinct formulas in either type of diagram. In the case of a Hasse
diagram for some Boolean logical system S, this is very clear: the poset that is
visualized by the Hasse diagram is the Lindenbaum-Tarski algebra of S, whose
elements are not individual formulas, but rather equivalence classes of formulas
[6, p. 254ff.]. The literature on Aristotelian diagrams is less explicit about this
logical equivalence condition (although there are exceptions [8,12]), but nearly
all Aristotelian diagrams that have been studied so far do indeed satisty it.

A second, more important observation is that there is a large overlap in the
relations visualized by the two types of diagrams. The Aristotelian relation of
subalternation is identical to the notion of ‘one-way entailment’ < (recall that
x <y iff x <y and not y < x), which is itself the transitive closure of the
covering relation < visualized by Hasse diagrams. Hence, if ¢ and 1 occur in an
Aristotelian diagram D, and a Hasse diagram Dy, then there is a subalternation
arrow from ¢ to ¢ in Dy iff there is an upward path (i.e. a sequence of <-edges)
from ¢ to ¢ in Dy. Since all Aristotelian relations can be reduced to subalterna-



tion and contradiction,® and Hasse diagrams can represent these two relations
(subalternation: just discussed; contradiction: by means of central symmetry),
it follows that Hasse diagrams can represent all Aristotelian relations.

We now turn to the dissimilarities between Aristotelian and Hasse diagrams.
The first difference concerns the non-contingent formulas 1L and T. These con-
stitute the natural begin- and endpoints of the entailment ordering of a given
Boolean logic S, and are thus visualized as resp. the lowest and the highest
point of the Hasse diagram for S. This is the case regardless of whether this
Hasse diagram happens to be two- or three-dimensional; for example, see the
Hasse hexagon for S5 in Fig. 2c and the Hasse RDH for CPL in Fig. 3b. In
contrast, almost all Aristotelian diagrams that have appeared in the literature
so far contain only contingent formulas. One possible explanation for this re-
striction is that 1L and T enter into many ‘vacuous’ Aristotelian relations with
contingent formulas,% which would only clutter the diagrams [8]. Although most
Aristotelian diagrams do not represent the non-contingent formulas at all, some
authors [27,33] prefer to think of them as coinciding in the center of the di-
agram. From this perspective, 1. and T still do not occupy any ‘real’ vertices
of the diagram, but they are ‘hidden’ in its center of symmetry (which is itself
not a separate vertex of the diagram); for example, see the Aristotelian RDH in
Fig. 3a, and the formulas | = 0000 and T = 1111 coinciding in its center.

A second difference concerns the general direction of the entailments. We
have seen above that entailment is visualized in both Aristotelian and Hasse
diagrams (resp. as subalternation and as the transitive closure of the covering
relation <). By definition, all individual <-edges in a Hasse diagram are directed
upwards, and hence, all paths of such edges are also directed upwards. In Hasse
diagrams, all entailments thus have the same general direction (viz. upwards).
By contrast, in Aristotelian diagrams the subalternation arrows generally do
not share a single direction.” Consider, for example, the Aristotelian hexagon in
Fig. 1b: the subalternations starting in {p A $—p and those ending in Op Vv O-p
all have the same general direction (viz. upwards), but the subalternations from
O(—)p to O(—)p run in the exact opposite direction (viz. downwards).

The third difference is related to the visualization of the levels of the Boolean
algebra that the formulas are taken from. In a Hasse diagram, the levels Ly are
visualized as hyperplanes that are orthogonal to the general entailment direction.
Since this entailment direction is vertically upwards (cf. supra), the levels are
horizontal hyperplanes. In Aristotelian diagrams, by contrast, there is generally
a complete ‘mixing’ of levels. For example, compare the Aristotelian and Hasse
hexagons for S5 in Fig. 1b and 2¢, and focus on the Li-formulas Op, Op A O—p
and O-p. In the Hasse hexagon, these formulas constitute a horizontal line,

® Writing C'D and SA for contradiction and subalternation, respectively, we have that
¢ and 9 are contrary iff SA(p, —) iff HG(CD(’([), 0) and SA(yp, 9)), and similarly, ¢
and ¢ are subcontrary iff SA(—¢p,v) iff 30(CD(p,6) and SA(6,7)) [12, § 3.3.3].

5 E.g. L is contrary to every contingency, and T is subcontrary to every contingency.

” The main exception to this claim is, of course, the Aristotelian square, in which all
subalternations are directed downwards; see Fig. 1a.



whereas in the Aristotelian hexagon, they constitute a triangle. Similarly, when
comparing the RDHs for CPL, we see that the L;-formulas 1000, 0100, 0010 and
0001 constitute a horizontal plane in the Hasse RDH in Fig. 3b (visualized in
transparent grey), but a tetrahedron in the Aristotelian RDH in Fig. 3a.

The similarities and dissimilarities between Aristotelian and Hasse diagrams
discussed above are fully in line with general principles about diagram design,
such as congruity, apprehension and information selection [34,35]. Both types of
diagrams are used to visualize certain logical relations between formulas. Hasse
diagrams primarily focus on the structure of the entailment ordering <, and try
to establish a strong congruence between this logical structure and the visual
structure of the diagram. For example, the Hasse hexagon in Fig. 2c¢ visualizes
the fact that Op entails Op by putting (p lower than (p; similarly, it visualizes
the fact that the Li-formulas Op, Op A O—p and O-p do not entail each other
(and are thus independent with respect to the entailment ordering) by putting
them on a line that is orthogonal to the direction of the entailment ordering.

From an Aristotelian perspective, however, Cp, Op A O—p and O—p are all
contrary to each other. Since these formulas lie on a single line in the Hasse
hexagon in Fig. 2¢, the contrariety edges between them would overlap and would
thus not be visually discernible from each other; this is a grave violation of the
apprehension principle. The Aristotelian hexagon in Fig. 1c solves this problem
by moving Op A O—p away from the horizontal line between [p and —-p: the
three contrariety edges now form a triangle and are thus clearly discernible.
Of course, the price that has to be paid for achieving this is that the resulting
diagram mixes the levels and no longer has a clear entailment direction. However,
these properties correspond to the structure of the entailment ordering, so by the
principle of information selection, it is no problem for an Aristotelian diagram
to distort them in order to better visualize the Aristotelian relations.

4 A Unified Account: Projections of Hypercubes

We now begin with the development of a unified perspective on Aristotelian and
Hasse diagrams, by showing how both types of diagrams can be seen as vertex-
first projections of n-dimensional hypercubes. This development will be carried
out in full generality (for arbitrary n), using some basic tools from linear algebra
[36]. Concrete applications to the Aristotelian/Hasse hexagons (n = 3) and the
Aristotelian/Hasse RDHs (n = 4) will be discussed in the next sections.

We will restrict ourselves to Aristotelian diagrams that represent all formulas
of a given finite Boolean algebra (except for L and T, of course; cf. supra). This
restriction is harmless, since every Aristotelian diagram that is not Boolean
closed can be embedded inside one that is.® It is well-known that every finite
Boolean algebra B,, can be represented as the powerset of a finite set {1,...,n},

8 For example, the Aristotelian square in Fig. la can be embedded inside the Aris-
totelian hexagon in Fig. 1b, and the Aristotelian octagon in Fig. 1c can be embedded
inside the Aristotelian RDH in Fig. 3a.



or equivalently, as the set {0,1}" of all bitstrings of length n [37,38]. The latter
representation is the most convenient for our purposes, and will thus be used.

It is well-known that the Boolean algebra B,, can be represented as a hy-
percube C, in n-dimensional Euclidean space R™ [29,30]. We now argue that
this hypercube is a Hasse diagram for B,.° Consider a coordinate mapping
c: {0,1}"™ — R”™, which maps each bitstring ¢ € {0,1}" onto its coordinates
c(¢) € R™.10 It will be convenient to assume that ¢ maps the bits 1 and 0 to
the coordinates 1 and —1, respectively—e.g. ¢(11010) = (1,1,—1,1,—1). The
resulting hypercube is centered around the origin (0, ...,0) of R™, with central
symmetry representing logical negation: c¢(—p) = —1 - ¢(p), i.e. mp is diamet-
rically opposed to . The general direction of entailment runs from L to T,
and thus corresponds to the vector ¢(T) —¢(L) = (2,...,2) ~ (1,...,1).17 Any
(n — 1)-dimensional hyperplane orthogonal to this direction has an equation of
the form x; + --- + x,, = a. For any bitstring ¢ € Ly (0 < k < n), it holds that
¢ consists of k 1-bits and n — k 0-bits, and hence Y ._} ¢(¢); = 2k — n; Le. ¢(p)
lies on the hyperplane with equation z; + -+ + x, = 2k — n. The level Lj of
B,, thus corresponds to a hyperplane in R" that is orthogonal to the entailment
direction vector (1,...,1).

The Boolean algebra B,, has 2™ bitstrings, or equivalently, 27” = 27! pairs
of contradictory bitstrings (¢, ~¢). Hence, its hypercube representation C, has
2"~ 1 pairs of diametrically opposed vertices (c(), c(—¢)). Each of these pairs de-
fines a direction vector dy, —, := c(¢) — c(—¢) = c(p) — (—c(p)) = 2¢c(p) ~ c(p).
The vector dy, -, can be taken as the projection axis for a vertex-first projection
II, —,. We will focus on two such projections. The first one is Il ;. The second
one is harder to describe in general: it is of the form IL, -, for some 7 near the
‘middle’ of B,, (i.e. in the level Lj where k& = [%]); this will become clearer
in the concrete case studies. We will also make use of a linear transformation
T:R™ — R” that maps ¢(T) onto ¢(7); the matrix representation of T is a di-
agonal matrix that has the components of ¢(y) on its diagonal (i.e. M;; = c¢(7);
and M; ; =0 for 1 <i# j <n). Note that T'- T' = I,,, and thus T-1=T.

The projection axis of It | isdt, 1 = (1,...,1). This is a projection onto the
(n — 1)-dimensional hyperplane that goes through the origin and is orthogonal
to d 1, which has the equation 21 + - - - +z, = 0. It is possible to choose n —1

9 Since Hasse diagrams can represent all Aristotelian relations, the hypercube is not
only a Hasse diagram, but also an Aristotelian diagram. This dual perspective cor-
responds exactly to the two projections IIT , and Il -~ introduced below.

We thus identify the hypercube C,, with its vertices, and ‘ignore’ its edges, faces, etc.
This is unproblematic, since the latter are linearly generated by the vertices, and
all transformations that will be applied to the hypercube are linear transformations.
For example, the edge between vertices x and y is E = {x+ Ay —x) | A € [0,1]};
for any linear transformation L, it holds that L[E] = {L(z) | z € E} = {L(x) +

AML(y) — L(x)) | A € [0,1]}, i.e. L[E] is exactly the edge between L(x) and L(y).
For direction vectors x,y € R", we write x ~ y iff x and y are identical up to a
scalar A (i.e. x = Ay). After all, we are only interested in the direction of these
vectors, not in their particular magnitude.
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pairwise orthogonal vectors pi, ..., pn—1 in this hyperplane.!?> The matrix that
contains these vectors as rows is the matrix representation of I+ | . It is easy to
show that for the matrix representation of II, -, we can take II, —, := IIt | -T.
Since T = T71, it immediately follows that IIt ; =1L, -, - T.

We now study the result of applying the vertex-first projection IIt | to the
hypercube C,. Since ¢(—¢) = —c(¢) and IIT | is a linear transformation, it
follows that Il i (e(—¢p)) = IIT 1 (—c(p)) = —II7 1 (c(9)), i-e. IIT 1 [Cy] is cen-
tered around the origin of R®~!, with central symmetry representing negation.
Furthermore, since ¢(T) and ¢(L) lie along the direction d+ | of the projection
axis, it follows that IIt  (¢(T)) = Ot 1 (c¢(L)) = (0,...,0) € R*~1. Note that
this observation perfectly explains the claim that in an Aristotelian diagram, T
and L coincide in the diagram’s center of symmetry [27,33]. Next, recall that
the hypercube C,, is a Hasse diagram, with general entailment direction from
c(L) to ¢(T), ie. d7, 1. Since this direction is exactly the projection axis of
It ., it follows that in II+ | [C,] the edges no longer share a common entail-
ment direction: the component of the direction vector that they shared has been
‘projected away’. To make this more concrete, Fig. 4a provides an example for
a projection m: R? — R!. Note that the vectors a,b € R? have more or less
the same direction, viz. vertically upwards. However, if we define m to be the
projection along exactly this vertical direction, then we see that m(a) and (b)
do not share the same direction at all (the vertical component that they shared
has been projected away). Finally, also recall that C,, represents the levels Ly of
B,, by means of hyperplanes that are orthogonal to dr, ;. However, in IIT | [C,],
the levels will be ‘mixed’, since the distance (along dt ) that separated them
has been ‘projected away’. As an illustration, consider Fig. 4b: the points a and
b belong to some level Ly, and the points ¢ and d belong to a different (‘higher’)
level L,,; thus, a and b are both ‘below’ ¢ and d. However, when we consider
their projections, we see that the levels have been completely ‘mixed’: 7(a) lies
between 7 (c) and 7(d), while w(d) lies between 7(a) and 7(b).

We now consider the other vertex-first projection of the hypercube: I1, - [C].
Since the direction of the projection axis d-, -, does not coincide with the gen-
eral entailment direction dt ; of C,, matters are much simpler in this case.
Since C,, is a Hasse diagram and thus all its edges share a general entailment
direction d |, it follows that II, - [C,] also has a general entailment direction,
viz. 11y —(d7, 1), which runs from II, -, (c(L)) to II, -, (c(T)). However, one
problem seems to remain: II, -, maps the formulas v and —y to the origin of
R™!. This problem can easily be solved, but the details are highly dependent
on the concrete case (e.g. it matters whether n is odd or even), and will thus be
postponed to the concrete case studies in the next sections.

In sum, the discussion above shows that IIt | [C,] and IL, -, [C,] are resp. an
Aristotelian diagram and a Hasse diagram of the Boolean algebra B,,. There is
thus a deep connection between Aristotelian and Hasse diagrams: both can be
seen as vertex-first projections of one and the same hypercube C,,. Additionally,

12 Tn the case studies in the next sections, we will show that it is often possible to
choose these vectors in particularly elegant ways.
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Fig. 4. The effects of projecting along the entailment direction: (a) loss of a shared
entailment direction and (b) ‘mixing’ of levels. Part (¢) is a commutative diagram
containing the various linear transformations studied in this section.

this viewpoint yields a unified explanation of the various dissimilarities between
both types of diagrams (as discussed in Section 3), by showing how they are
merely different manifestations of the same underlying process, viz. projecting
the Hasse diagram C,, along its own general entailment direction. Finally, re-
calling that IL, ., = IIT ; - T and IIT ; = II, -, - T, we also have a way to
move back and forth between the Aristotelian diagram I+ | [C,,] and the Hasse
diagram IL, -, [C,], which is summarized by the commutative diagram in Fig. 4c.

5 Case Study I: Hexagons as Projections of the Cube

We will now illustrate the unified account of Aristotelian and Hasse diagrams
that was introduced in the previous section, by applying it to some small Boolean
algebras. In this section we consider B3, in Section 6 we will look at Bj.

The Boolean algebra Bj3 is represented as a cube C3 in three-dimensional
Euclidean space R3. This is done by the ‘conventional’ coordinate mapping
c: {0,1}3 — R3; see Fig. 5a and the c(¢)-row in Table 1 at the end of this
section. The general entailment direction goes from ¢(L) to ¢(T), and is thus
o(T)— (L) = (1,1,1) — (-1,-1,-1) = (2,2,2) ~ (1,1,1). We will consider
two vertex-first projections of C3. The first one, IIT |, is along the direction
dr; =(1,1,1), and onto the projection plane z+y+ 2z = 0 (which is orthogonal
to dt 1 ). For the second one, II, ., we choose v := 101; this projection is thus
along dy —y = c(y) —c(—y) = (1,-1,1) = (-1,1,-1) = (2,-2,2) ~ (1,-1,1),
and onto the projection plane  —y + z = 0 (which is orthogonal to d, - ). The
projection axes and projection planes of Il | and II, -, are shown in Fig. 5b and
Fig. 5c, respectively. The linear transformation 7' which maps ¢(T) = (1,1,1)
onto ¢(y) = (1,—1,1) corresponds to a reflection over the (z — z)-plane (compare
Fig. 5b and Fig. 5¢); it is described by a 3 x 3 diagonal matrix with 1, —1 and 1 on
its diagonal. (The effect of T on all points of C3 is described in the T'(c(¢))-row



Fig.5. (a) The cube Cs with its bitstring decoration; (b) the projection axis and
projection plane of ITt ; ; (c) the projection axis and projection plane of 11,

of Table 1.) The matrix representations of the vertex-first projections are

=3 g 3 =3 V3
HTLI 4 and H%_\,y: 4 4 .

1
1
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N

Note that the rows of II+ ; are two orthogonal vectors that lie in the plane
z+y+ 2z =0, i.e. the projection plane of It ;. Similarly, the rows of I, —, are
two orthogonal vectors that lie in the plane x —y+2 = 0, i.e. the projection plane
of I1, - . Finally, note that the rows of Il -, are the result of applying the linear
transformation 7' to the corresponding rows of It | , and thus IL, ., = Il , -T.

When the vertex-first projection IIT ; is applied to (all points of) the cube
Cs, the result is a regular hexagon that is centered around the origin (0, 0); this
hexagon is shown in Fig. 6a and its concrete coordinates can be found in the
It 1 (e(p))-row of Table 1. Although the hexagon does not by itself contain any
logical relation, it is clear that it is essentially an Aristotelian diagram (compare
with Fig. 1b). First of all, the non-contingent formulas T = 111 and L = 000
coincide in the hexagon’s center of symmetry. Secondly, the hexagon does not
have a single direction of entailment (in contrast, Cs does have such a direction,
viz. d7 1 ). Finally, the levels L have been ‘mixed’; for example, the bitstrings
of L; and those of Ly form two interlocking triangles (in contrast, in Cs the
levels Ly and Lo are represented by means of the planes x +y + z = —1 and
x4y + z = 1, respectively).

We now turn to the second projection, viz. Il -, . The result is again a regular
hexagon that is centered around the origin; this hexagon is shown in Fig. 6b and
its concrete coordinates can be found in the I, - (c(¢))-row of Table 1. Although
this hexagon has | = 000 at its lowest vertex and T = 111 at its highest, and



(a) (b) ©

100 001 110 011
110 101 011

100 010 001
110 011 100 001

Fig. 6. (a) IT7 1 [Cs], (b) T+ [Cs], (c) TIY/3,[Cs]

Table 1. The elements of Bz, Cs, Tl 1 [Ca], T, - [C3] and TI2/2, [C5]

| ¢ [ 111 110 101 011 100 010 001 000 |

c(cp) (1,171) (171,-1) (17-1,1) (-171,1) (1,-17-1) (-1,17-1) (-17-1,1) (-17-1,-1)
Tc(go)) (1,-1,1) (1,—1,-1) (1,1,1) (-1,-1,1) (1,1,-1) (-1,-1,-1) (-1,1,1) (-1,1,-1)
Or . (c(e)|| (000 (%21 (01) (F-H 2. (0-1) (L1 (00
L, (c(o)]] (0,1) (%21 (00 (1) L1 (00) (-5 (0-1)
L2 e ) 2 ©0hH (2D 2D 0D (2D 0]

also has a general direction of entailment—viz. vertically upwards—, it is not a
true Hasse diagram, since the bitstrings 101 and 010 coincide in the center, and
thus the levels L and Ly are not represented uniformly.

However, this problem can be solved if we introduce a small perturbation e
to the vertex-first projection II, -, thus obtaining the ‘quasi-projection’ IS _ .
This quasi-projection is defined in such a way that if ¢ = 0, then II5, _ =11, .
For our current purposes, however, we will particularly be interested in the case

€= % Here is the general definition, and the special case € = %:

-3 0 V3 *\/5073
11 — 4 4 Il/3 — 4 4
¥y 1+e l—e 14 |’ gbmel 111/
4 2 4 3 3 3

Fig. 6¢ shows the hexagon that results from applying this quasi-projection to the
cube Cs; its coordinates can be found in the H}/ 3 (c())-row of Table 1. Although
the hexagon is no longer regular, it can properly be called a Hasse diagram
(compare with Fig. 2¢). It represents L = 000 and T = 111 at resp. its lowest and
highest point. Furthermore, it has a general entailment direction, viz. vertically
upward. Finally, the levels are represented by lines that are horizontal (and
thus orthogonal to the general entailment direction); for example, Ly and Lo
correspond to the horizontal lines y = —% and y = %, respectively.




6 Case Study II: RDHs as Projections of the Hypercube

As a second illustration of the unified account described in Section 4, we will
now apply it to B,. This Boolean algebra is represented as a four-dimensional
hypercube C;, € R*. We again employ the ‘conventional’ coordinate mapping
c: {0,1}* — R%; see the c(p)-row in Table 2. The general entailment direction in
this hypercube is (1,1,1,1). We consider two vertex-first projections of C4. The
first one, IIT |, is along the direction dt ; = (1,1,1,1), and onto the projection
plane v +y+z+wu = 0 (which is orthogonal to dr ). For the second one, I, -,
we choose 7 := 1001; this projection is thus along d -, = (1,—1,—1,1), and
onto the projection plane x —y — z 4+ u = 0 (which is orthogonal to d., ). The
linear transformation T which maps ¢(T) = (1,1,1,1) onto ¢(y) = (1,-1,-1,1)
is described by a 4 x 4 diagonal matrix with 1, —1, —1 and 1 on its diagonal; see
the T'(c(g))-row of Table 2. The matrix representations of the projections are

—-0.5-0.5 0.5 0.5 —-0.50.5-0.5 0.5
It =1 05 -05-0.5 0.5 and II,-,=1] 05 05 05 0.5
0.5 -0.5 0.5 —0.5 0.5 0.5-0.5-0.5

The rows of IIT | are pairwise orthogonal vectors that lie in the plane x + y +
z+4u =0, i.e. the projection plane of Il | ; similar remarks apply to IL, —,.
When the vertex-first projection It ; is applied to the hypercube C4, the re-
sult is an RDH that is centered around the origin (0,0, 0). This RDH was already
shown in Fig. 3a; its concrete coordinates can be found in the It | (c(p))-row
of Table 2. This RDH is essentially an Aristotelian diagram: the non-contingent
formulas T = 1111 and L = 0000 coincide in the RDH’s center of symmetry, the
RDH does not have a single direction of entailment, and the levels of B4 have
been ‘mixed’; e.g. the bitstrings of L and L3 form two interlocking tetrahedrons.
We now turn to the second projection, viz. I, —,. The result is again an
RDH that is centered around the origin; its concrete coordinates can be found
in the II, - (c(p))-row of Table 2. This RDH is not a true Hasse diagram, since
the bitstrings 1001 and 0110 coincide. However, this problem can be solved by
introducing a small perturbation ¢ to IL, . The resulting ‘quasi-projection’

II5 ., is defined in such a way that if ¢ = 0, then II7 | = II, . Here is the
general definition, and the special case € = % =0.1:
—0.5054+¢ —-05+4¢ 0.5 —-0.50.6 —0.4 0.5
I, =105 05 05 05 |, M2 =1| 050505 05
0.5 05 -0.5 —-0.5 0.5 0.5 —-0.5-0.5

Fig. 3b shows the RDH that results from applying this quasi-projection to the
hypercube Cy; its coordinates are in the H%/ lg(c(np))—row of Table 2. This RDH is
a proper Hasse diagram: it represents 1. = 0000 and T = 1111 at resp. its lowest
and highest point, it has a general entailment direction (viz. vertically upward),
and finally, the levels are represented by planes that are horizontal (and thus
orthogonal to the general entailment direction); for example, Ly, Lo and L3

correspond to the horizontal planes y = —1, y = 0 and y = 1, respectively.



Table 2. The elements of Ba, Ca, I 1 [C4], TI, —[C4] and IIY/29[C4]. For reasons of
space, the table lists only 8 of the 16 bitstrings of B4; it can be completed by adding their
8 negations, and recalling that c(—¢) = —c(p), T(c(—p)) = =T(c(¢)), U1, 1 (c(—¢)) =

—TI7, 1 (e(9)); Ty, (e(=)) = =TT~ (e()) and T2 (c(=p)) = —T0/2 (e(p)).

[ ¢ [ 1111 1110 1101 1011 0111 1100 1010 1001 |

c(p) (1,1,1,1) (1,1,1-1) (1,1,-1,1) (1,-1,1,1) (-1,1,1,1) (1,1,-1,-1) (1,-1,1,-1) (1,-1,-1,1)
T(c(p)) ||(1,-1,-1,1) (1,-1,-1,-1) (1,-1,1,1) (1,1,-1,1) (-1,-1,-1,1) (1,-1,1,-1) (1,1,-1,-1) (1,1,1,1)
I+ 1 (e(p) || (0,000 (-1-1,1) (-1,1-1) (1,1,1) (1,-1,-1)  (-2,0,0)  (0,0,2)  (0,2,0)
)|l 02,00 (-1,1,1)  (1,1,1) (-1,1-1) (1,1,-1)  (0,0,2)  (-2,0,0)  (0,0,0)

c<p))H (0.2,2,0) (-0.8,1,1) (1,1,1) (-1,1,-1) (1.2,1-1) (0,0,2)  (-2,0,0) (-0.2,0,0)

7 Conclusion

In this paper we have explored the relationship between two important types
of diagrams for representing logical relations between formulas, viz. Aristotelian
and Hasse diagrams. After briefly discussing some obvious similarities and dis-
similarities, we argued that there exists a deep connection between both types
of diagrams. On a wvisual-cognitive level, we showed that their dissimilarities can
perfectly be explained in terms of general principles of diagram design, such
as congruity, apprehension and information selection. On a more abstract geo-
metrical level, we showed that pairs of Boolean closed Aristotelian and Hasse
diagrams can be seen as different vertex-first projections of one and the same
hypercube, thereby obtaining a unified explanation of their dissimilarities.

In future work, we plan to use this geometrical account in the search for
adequate Aristotelian/Hasse diagrams for larger Boolean algebras. For example,
although there are currently no satisfactory diagrams for By in 3D, we know that
they certainly exist in 4D, viz. as vertex-first projections of the 5D hypercube.
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